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Introduction

In digital image processing problems, the measurements are often represented by a matrix or a
sequence of matrices, for example, multiple frames collected over time of a two-dimensional scene. The
maximum likelihood method developed for the detection of a signal vector given a measurement vector can
be applied to the detection of a signal matrix given a measurement matrix by stacking the columns ‘or rows)
of these matrices to form ''long'" vectors. The resulting matched filtering operation is implemented by a
left matrix multiplication on the long measurement vector requiring a large number of multiply and add
computations. For real-time processing, it is desirable to avoid stacking and to operate on the measure-
ments in their original matrix format in order to reduce the number of computations.

The paper is organized as follows: First the proposed background noise model is developed to provide
the probability density functions required for the subsequent application of the maximum likelihood method.
The model is an extension of that discussed in Ref. 1 for an image transform coding application. Both
the cases of a single frame of background and multiple frames of background are considered. Next, the
maximum likelihood method is applied to the problem of choosing the most likely pattern out of a set of
possible patterns for the case of a single measurement frame. The extension is then made to the problem
of choosing the most likely pattern sequence out of a set of possible pattern sequences for the case of
multiple measurement frames. For the multiple frame case, the maximum likelihood method results in
temporal (i. e., frame-to-frame) matched filtering, in addition to the spatial matched filtering character-
istic of the single frame case. Also discussed in the paper is the alternative of transform domain
processing. Finally, two numerical examples are presented relating to the detection of targets. For com-
parison with other authors, note that in Ref. 2 both temporal and spatial matched filtering are combined
within the framework of a stacked measurement vector. In Ref. 3 results are presented for temporal
matched filtering alone applied to the problem of target detection.

Background Noise Model

Background noise is modeled after extraction of its mean as an invertable left and right matrix multi-
plication on a zero mean stationary white matrix:

X = HWGT 5 Trace(HTH) =N 4 Trace(GTG) =M (1)

In Eq. (1), X = [b(k, )] is an N xM matrix representing background, H is an N XN matrix, G is an MXM
matrix, and W = [w(k,i)] is an NxM stationary white matrix.

The elements of the white matrix have the second-order statistics

2

E[w(,i)] =0 ;  Elw(k, i)w(r,s)} =0 b 2% (2)

where 6 . = 1 only if k = r and is otherwise zero. The model proposed here is an extension of the model
assumed for generating the second-order statistics of random vectors, i.e., that the random vector is
formed by a matrix multiplication on a stationary white vector.




It follows from Eq. (2) that, for arbitrary N XN matrix Q1 and arbitrary M XM matrix Qp

T];

E(wT o, w) = Trace(Q, jol1 E[W Q, W Tracc(Ql)Gle (3)

M B
where I is the MxM identity matrix. It follows from Egs. (1) and (3) that

= Trace(E[XXT/NM]) = Trace(E[XTX/NM]) (4)

ElxxT/Mo®) = uuT @R, 5 EIXTx/No%) - GGT 2 R, (5)
where the N xN matrix Ry denotes the normalized row correlation matrix and the MXxM matrix R} the
normalized column correlation matrix. It follows from Egs. (1), (3), and (5) that the background correla-
tion is

Elb(k, i)b(r, s)] -o‘[R b ),

21 s (6)

where [ ]k r denotes the k, r element of the enclosed matrix. Thus, the background correlation is product
separable in row and column indices.

Transform Statistics

Consider next a real unitary transformation on X of the form:

TRy g it ogr o arboyt (7)

In Eq. (7), Z = = [z(n, 0)] is a real NxM matrix of transform coefficients, U is an Nx N real unitary matrix
and V is an M x M real unitary matrix. It follows that X = UZVT is the inverse transformation. The indi-
vidual transform coefficients are z(n,{) = Uy XVp , where Uy is the nth column of U and Vy is the tth column
of V. It follows from Egs. (1), (3), (5), and (7) that the transform coefficient correlation is product
separable in row and column indices:

Elz(n, 0z(r, s)] = 0®(UTR U (VT R, Ve) (8)
E[z2(n, )] = 02\ By 9)

A A T
\, FUTRIU, 5 By TN RN, (10)

Next, choose U and V such that UTR1U and VTRZV are diagonal matrices. Then the \, and By are the
positive eigenvalues of Ry and R, respectively:

T

T o A y a3 A
U'R,U = DN[\n] = ; V'R,V = DM[Bl] =p (11)

This choice of U and V is the Karhunen-Loeve transform of X because it gives uncorrelated transform
coefficients:

Elz(n, t)z(r, s)] = 0 for (n,?) # (r, s) (12)

Probability Density

Assume that the w(k, i) elements of W are jointly Gaussian. It follows from Eq. (1) that the b(k, i) ele-
ments of X are also jointly Gaussian. WithZ = UT XV the Karhunen-Loeve transform, the z(n, {) elements
of Z are mutually independent and Gaussian. The probability density of the matrix Z written as a function
of the transform coefficients is therefore

1 M N
£,(7) = x exp ~0.5 ), Zz (n, l)/G A B, (13)
0=1 n=1

where the constant A (zwz)hM/acDet R )M/Z(Det R )N/&. But ZEZ (n, )/\ By, = Trace(A~ ‘ZB- ) and

the refore the probability density of the matrix Z can Be written as the followmg scalar function of matnces-

£.,(2Z) it‘xp(-(O.S/'tz)Tract‘(k zp"zT)) (14)
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From Eq. (11)A-1 = UTRj! U and ! = VTR3! V. Thus, Tracem~12zp-127T) = TraceUTRj1 UZ VT R;!
vzT UTU) = Trace(Ri1 XRZ1 XT). Therefore, the probability density of the matrix X is

£4(X) = & exp(-(0. 5/0%)Trace®]! xR3! xT)) (15)

Multiple Frames of Background

Consider a sequence of X1 . . . Xy, of LL background matrices. For the jth frame of the sequence
assume that

sznijT sl e (16)

The elements of the sequence of white matrices are assumed to have the second-order statistics

E[wj(k,i)wm(r,s)] Lt (17)

Pim®k, r%i, s
where the pjm, are elements of a positive definite XL, frame correlation matrix p. It follows that for
arbitrary NxN matrix Qg and arbitrary M xM matrix Q,

T % at 2
f-:[wj Q1ij = Trace(Q,)o ° I 3 E[ch)Z wm] = Trace(Q,)0"p (18)

m M jm IN

1t follows from Eqs. (16) and (18) that the background correlation is product separable in row, column, and
frame indices:

. L2
E[bj(k,1)bm(r, s)] =0 pjm[R1]k, r[RZ]i, X (19)
The unitary transformation of Xj is
- uT x.
Zj =5 XJV (20)
It follows from Eqgs. (10), (16), (18), and (20) that

o i T
E[zj(n, Oz (r, s)l = o pjm(gn R UIV, R,V (21)
Elz.(n, 0)z_(n, )] =0%. X B (22)

im0z, (0, Pim™nfe

For U and V chosen as the diagonalizing transforms of Ry and R}, respectively,(i. e., the Karhunen-Loeve
transform) the transform coefficients at different position indices are uncorrelated:

E[zj(n, )z (r, s)l =0 for (n,?) # (r, s) and all j,m (23)

Assume that the w;(k, i) elements of W. are jointly Gaussian in both position and frame indices. It fol-
lows from Eq. (16) 1:h2\€l the bj(k, i) elements of X: are also jointly Gaussian in both position and frame indi

indices. With Zj =U* X; Vthe Karhunen-Loeve transform, the z;j(n,2) elements of Z; are mutually indepen-
dent in positionindices and jointly Gaussian in frame indices. The joint probability’density of the sequence
of matrices Zy . . . Zj written as a function of the transform coefficients is therefore

1 L L M N 2
f,(2 ... 2Z)) =?exp(-0.5 Z: }: Z 2 gjmzj(n,l)zm(n,l)/c \nel) (24)
m=1 j=1 =1 n=1
In Eq. (24) the gj, are the elements of p'i, the inverse of the frame correlation matrix, and the constant

A’ = (2nc?)NML/2(Det R{)ML/2(Det Rp)NL/2(Det p)L/2, This joint probability density can be written as
the following scalar function of matrices:

. 1 2 & & ef o sl ® -
f,02,. . . Z;) =57 exp(-(0.5/c )mz::l j);lgjm Trace(\ zja z ) (25)
The joint probability density of the sequence of matrices Xy . . . Xj, is therefore
1 5 & & sl mol ot 2%
t'X(X1 e XL) ks . exp(-(O. 5/c )m)::‘i jgl gjm Trace(R XjRZ X)) (26)

.




Maximum Likelihood Detection of a Pattern from a Single Frame

The problem is to choose the most likely pattern and its associated intensity from a single measure-
ment frame. The measurement equation after ext: action of the mean background is

Y=aS8S+X {Z7)

where Y is the Nx M measurement matrix, X ic the background matrix, S is the pattern matrix, and the
parameter 'a'' 1s the pattern intensity. The pattern S is a member of a collection of K possible patterns

S els,, s, < 8l (28)
The parameter ""a'' is a member of the interval of possible intensities (or amplitudes)
& d‘amin’ a\matx] (29)
Considered are the K + 1 hypotheses
”0 :a = 0 and no pattern present
Ho:aela ;,a lands=s ; i=12...,K (30)
The likelihood ratio for the ith hypothesis is defined by
A, 2 £(Y /3, H )Y [H) (31)

where f(Y/a,H.) is the conditional probability density of Y given that H. is true at a specific intensity '"a"
and f(Y /Hp) is'the conditional probability density of Y given the null hylpu'(.hCSiS Hp. It follows from

Eq. (27) that \; = fx(Y - a Sj)/fx(Y) where fx(:) is the probability density of the background. The most
likely hypothesis is found by maximizing Aj or equivalently maximizing its logarithm. Definc the ith
hypothesis discriminant as the logarithm of the likelihood ratio:

a =
D(a, S;) = loge/\A1 = logcfx(Y - a Si) = logcfX(Y) (32)

Using Eq. (15) for fyx(:), the discriminant is

1.T Z -1 -1 .
i

D(a, S) = (0. 5/02)[2 a Tr::u:e(R;1 YR; S") -a Trace(R{ SR S (33)

Next, D(a, S) is maximized with respect to the amplitude "a'' to yield an amplitude estimate a. The
result is & = a* for a* €[amin, amax), 2 = amin for a* < amin and & = a;, .y for a¥ > a5 with a¥ the solu-
tion to dD(a, S)/0a = 0:

a¥ = Trace (R;1 YR;lST)/Tracc(Rzl SR;‘ sT) (34)

Placing a at the boundaries of [azmin, amax] when a* is outside this interval follows because D(a, S) is a
polynomial of the form 2aCy - a¢ C, with C2 > 0. For those patterns with & = a*, then D(3, S) = D(a", S):

-1
1

1S

Dia*, S) = (0.5/02)[Trace(R;iYR;IST)]Z/Tracc(R sx;‘s ) (35)

The most likely pattern maximizes D(3;, S;) where Eq. (33) is used if 3j = amjn Or amax and Eq. (35) is
used if 3; = a; . Denoting the most likely pattern § then D(a, 8) = max D (aj, Sj). The choice is made between
the most likeiy pattern and the null hypothesis by a threshold test. ' If D(3, S)> T accept a, 8 and if
D(3a, 8) € T choose Hy. The threshold is set such that the false alarm probability Prob[D(3, 8) > T/Hp] is
acceptably low. If the correct pattern is chosen and if & = a*¥, then E[(a - 3)2] = Cf‘!/Traco(Ri1 SRZl sT),
the amplitude estimate error variance, is a measure of the degree of background suppression achieved.

For each hypothesized pattern S the Trace (RI1 Y Rél sT) is computed, which is a spatial matched fil-
tering operation on the measurement matrix. This is analogous to the well-known matched filtering opera-
tion on a measurement vector(4), (5). Our case reduces to the vector case for M = {; then Y = Y Rz‘ =1,

S = s, and Trace (R]1 Y Rzl ST) = Trace (Ri‘_xg'r) =8 Rilx, which is the well-known form. If we had used
the procedure of stacking, theny would be a vector of length NM and R'lt would be a NMx NM matrix. Thus,
Rill would require (NM)2 multiplications. By contrast, the operation R‘(‘ e 4 Rzi requires only NM(N + M)
multiplications.

11




Maximum Likelihood Detection of a Sequence of Patterns from Multiple Frames

The problem is to choose the most likely sequence of patterns and their associated intensities from the
corresponding sequence of measurement frames. The measurement equation for the jth frame is

Y(j) = a(j)s(j) + Xj : =4, 2. < L (36)

The pattern S(j) is a member of a collection of Kj possible frame j patterns
S(jels i), S,G) .+ - - SKj(j)] (37)
The parameter a(j) is a member of the frame j interval of possible intensities

a(jela

min

(3) 2, L () (38)

Considered for the jth frame are the Kj + 1 hypotheses

Ho(j) ta(j) =0 and no jth frame pattern

(39)
H;G) s a(J)e[amin(J), amax(_])] and S(j) = S,(j) ; A=l KJ.
The likelihood ratio is formed assuming a particular sequence of L frame hypotheses iy, . . . if,
where ijel0, 1. . . K;l:
ity . . SEiall) ... SL R (1), . 0 E ()
Bl ke e 1 = (40)
ipdy oo dp ), .- BILYIEL), . L HO(L))

It follows from Eq. (36) that Ajy, ...ip, = fx(Y(1) - +(1)S54(1) . . . Y(L) - a(L)SiL(L))/fx(Y(l), e
Y(L)). The discriminant is defined as the logarithm of .ae likelihc d ratio:

A
Dla(th « - . L) S (W « « o Sy M) Slogetyy, ... 4y, (41)
It follows from Eq. (26) for the joint probability density of X1 . . . Xj, that

s
D(a(t), . . . a(LXS(1), . . . S(L}) = (0.5/5%) T T [Za(j)Trace(RzlY(m)RiisT(j))
m=1 j=1
: a(j)a(m)Trace(R'l‘S(m)R;_’sT(j))] (42)

In general, determination of the amplitude estimates a(1). . . d(L), which maximize the discriminant
is a quadratic programming problem, There are several special pattern sequence hypotheses for which the
solution is not difficult. One example is the case of a stationary scintillating pattern, which means that all
frames are hypothesized to have the same pattern but possibly different intensities. A second example is
the case of orthogonal pattern sequences and is discussed next.

Orthogonal Pattern Sequences

In this section, the patterns from different frames are assumed to be orthogonal. The orthogonality
condition is defined here as

Trace(Rils(m)RéisT(j)) =0 forj#m (43)

It follows from Eq. (42) that the discriminant is frame separable, i.e., D(a(l), . . . a(L);S(1), . . . S(L))
= 2Dj(a(j), S(j)) where the jth frame discriminant is

D, (a(i), Si) = (0. s/oz)[zamrrace(ag‘?U)R;‘sT(j;)-gJ.ja"(j)Trace(R;‘stj)Rg‘sTm)] (44)
Y(j) = n?;lgij(m) (45)
13




The jth frame discriminant is maximized with respect to the amplitude a(j) to yield an amplitude estimate
a(j). The result is a(j) = a(j) if a*(j)€[ap,in(i) amax((i), &(j) = amin(j) if a%(j) < amin(j), and &(j) = ap, 2x(j)
if a*(j) > apmax(j) with a*(j) the solution to aD;(a(j), 5(3))/0a(j) = 0z

! Aot B ol
ai(j) = Trace(R]' Y()R,'S (_)))/gjjTrace(Rl SGIR;" s (j) (46)

R 2 RS (R R R LEIRE
Dj<a-(_]), S(j)) = (0.5/0 )[Trac‘.\zt‘ YG)R;'s (J))] /gJ.J.Trace(R1 SGYR; S () (47)
Denoting the most likely jth frame pattern 5(j), then D;(a(j), §(j)) = max D;(3;(3), Si(i))- I Dj(@E(j), 5()>T
accept a(j), S(j), and if Dj(i(j),g(j)) < T choose Hg(j). If the correct jth frame pattern is chosen and if
a(j) = a*(j), then the amplitude estimate error variance is E[(a(j) - a(j))Z] = OZ/gjjTrace(Ril S(j)Rzl ST(j)).
Since typically gjj > 1, additional background suppression is achieved over the single frame case.

One application of the orthogonal pattern sequence case is the detection of a moving point target. For
exponential row and column background correlation, two positions are orthogonal if either their row or
column indices differ by 2 or greater. Shown in Fig. 1 is the moving target multiple frame processor for
amin(j) = 0, amax(j) = . The determination of the target location in frame j involves the following steps:

1) Temporal (or frame-to-frame) matched filtering, which means that a linear combination of
measurement frames is computed as given by Eq. (45) to yieid Y(j). -1 n

2} Spatial matched filtering, which means that Y(j) is pre- and post-multiplied by R} and R3%,
respectively.

3) Computation of the amplitude estimate matrix A% (j) where each element of this N XM matrix is
computed from Eg. (46) with S(j) a point pattern. That is, [A*(j)]k, i = a*(j) computed for [S(j)]k,i =1 and
all other elements of S(j) zero.

4) Computation of the discriminant matrix D% (j) where each element of this Nx M matrix is computed
from Eq. (47) with S(j) a point pattern as discussed in step 3.

5) Determination of the largest [D*(j)]k, i with the corresponding [A*(j)]k’ i> 0. If this largest element
of D#(j) exceeds the threshold T, then accept its indices as the most likely target position and the corre-
sponding element of A#(j) as the amplitude estimate. If the threshold is not exceeded, then decide that
there is no target in frame j.

Transform Domain Processing

Assume that U and V are chosen from among the unitary transform matrices that have fast algorithms
and are known to de-correlate data. Examples include the discrete cosine, Walsh-Hadamard, and Slant
transforms. Assume that the particular choice of transform is close enough to the Karhl;Pen-Loeve
transform for the background frames such that \n and By parameters exist with Ry ~ UAU R, ~ VBVT,
The spatial statistics of the background frames for transform domain processing are characterized by the
An and By parameters. These parameters would be found by appropriate statistical tests on frames of
transformed background(l),

Define for the single frame case

2UETN 5 D =UtEV (48)

- s

Y
where Zy and Zg are the NXM transforms of the measurement matrix and pattern matrix, respectively.

Equations (33) - (35) apply for the determination of most likely pattern with the substitutions

T -1 1.5 BB
Trace(R;" YR, S7)= Trace™ 2, B ZS):Ez r,‘Y‘_f!le]n',[zsjn"/\nal (49)

(50)

M N
£ ISR T -1 s (L A 2
Trace(Ry SR, S") = Trace™ Zgp~ Zg) = l};l ;l[zsln. A ¥

Define for the multiple frame, orthogonal pattern sequence case, 7.y(j) = UTY(j) vV and Zg(j) uT S(j)V.
Equations (44)-_(47) app1¥‘ for the determinasion of the most likely jth frame pattern with the substitutions
for Trace(Rj Y(j)Rzi S1(j)) and Trace (R]" S(j) R} ST(j)) analogous to Eqgs. (49) and (50).

False Alarm Probability

For the single frame case, if Hg is true then Y = X and D(a:i::, S;) = 0. ST]iZ where Ni ‘:3 Trace

(Ri1 }(Rz1 S;r)/a\/Tx':.-xce(R.Ii S; R51 S'ir) is zero mean Gaussian with unity variance. A false alarm occurs
if one or more of thediscriminants D(a-l, S;);i=1, 2. . . K exceeds the threshold T given that Hg is true.
If in = 0 and 3 ,ax - ® then a false alarm occurs if one or more of ti.. T; exceeds V2T. The probability

of false alarm is therefore one minus the probability that all the T]i € (-2, V2T). The difficulty in making

14




the calculation is that these Hl are in general correlated. If the patterns S; are orthogonal (i.c¢.,
TTGCL(RIIS RZ S ) = 0 for i # j), then these T are independent and the false alarm probability is

Prob[D(E, 8 > T/Hy) = 1 - (0.5 + erf VET)X (51)
F‘ur the multxplt frame, orthogonal pattern sequence case, if Hn(j) 1s true then Y (j) Xj and
Dj(a; (j). Si (3)) smm The random variable T;(j) @ Trace(Rj! X; RZ1 () /
o \/t-. .Trace(R;1S. i (J) RS Sr(J)) is zero mean Gaussian with unity variance where X; = XgAme is defined
anallog,()usl\, to Eq (45?

If amjn(j) = 0 and a,, ,,(j) = ® and if the patterns S;(j) are orthogonal in both
i and j indices, th(n the false alarm probability ?or each frame is the same as Eq. (51) with Kj replacing K.

Numerical Examples

Considered first is the detection of a point target from a single frame given that apjn = 0, amT_x = ®,

The normalized correlation matrices Ry and R, are assumed to be exponential with [Rl]k,i [ i and

|
[Rzlk ;= pzl\ l'. For computer simulation, the background is generated by X = - HWGT where the elements

of W are obtained by calls to a Gaussian number generator, H is the lower triangular solution to HHT = Ry
and G is the lower triangular solution to GGT = R,;. The simulated frame of measurements is Y = aS+X
where S is a matrix of all zeros except for a one at the target position.

The example is for a frame size N = M = 16 with threshold T = 6. Shown in Fig. 2 is a 3-dimensional
plot of the discriminant matrix D* for the caseo = 1, a = 1, p2 = 0.9 and target position (5,7). The
largest element of D* is at the correct position with [D 15 7 41 9> T. The corresponding [A* ]5 7=0.961
and since this is positive it follows that the amplitude estimate is a = 0.961.

Considered second is the detection of a moving point target from two frames given that amjn(j) = 0,
amax(j) = ® for j = 1,2. It follows from Egs. (36) and (45) that Y(1) = gqqa(1)S(1) + g122(2)S(2) + g11Xy
+ g12X, and Y(2) = 5413(1)5(1) + 822a(2)S(2) + g1 Xy + 82 Assun'lmg exponential correlation between
frames of p then gy g& = gl_l -p“) and gy, - 13 Sl -p?(l -p ) The background matrices Xy and X,
are generated from Xg = f’IW and X, = I{W Gl where E[wi(k 1)wz(k 1)] = czp. The elementf }Z(k i)
and wp(k, i) are simulated by th(. two oquatums wy(k,1) = onq(k, i) and wp(k,i) = pwy(k,i) + (1 - p
ony(k, i), respectively, where n,(k, 1) and ny(k, i) are obtained by separate calls to a unity vanance
Gaussian number generator., T{w normalized correlation matrices Ry and R, are assumed to be exponen-
tial, as in the first example.

The example is for frame size N = M = 16 with threshold T = 6. Shown in Figs 3 and 4 are 3-dimen-
sional plots of D% (1) and D¥(2) for the caseo - 1, a(l) = a(2) = 0. 5 Pt =p2 =p = 0.9 and frame 1 and 2
target positions (6, 12) and (5, 10), respectively. The largest element of D= (1) is at the correct frame 1
position with [ D (1)](, 12 = 59.7. The corresponding amplitude estimate is a(1) = 0. 500. The largest
element of D' (2) is at the incorrect frame 2 position of (6, 12). However, this position is rejected
because the corresponding amphtudc estimate is negative. The second largest element of D*(2) is at the
correct position with [D (1)15 10 ~ 49.2. The corresponding amplitude estimate is a(2) = 0.454.

Conclusions

The maximum likelihood method has been applied to the problem of choosing the most likely pattern
sequence from multiple measurement frames corrupted by background. By assuming that the background
correlation is product separable in row, column, and frame indices, the resulting processor is a matrix
spatial and temporal matched filter in which the measurement frames are processed in their original
matrix format. If desired, the processing can be done in a transform domain in order to take advantage
of fast transform algorithms.
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